The following is known for closed orientable surfaces. If H: ii/l -+ &! is a map whose n-th power is homotopic to the identity, then H is homotopic to a homeomorphism K with Kqa = identity. The result is known as Nielsen's Theorem on finite mapping classes. There are doubts (see [S]) as to the correctness of all parts of Nielsen's arguments in [6] . Different (using complex analysis and the Smith theorems) and valid proofs have been given independently by Fenchel and Macbeath. Because we are dealing with surfaces, each self homotopy equivalence is homotopic to a diffeomorphism, and homotopic diffeomorphisms are diffeotopic. Consequently, Nielsen's theorem may be equivalently stated as follows: If H: ii + ill is a diffeomorphism whose n-th power is homotopic to the identity then H is diffeotopic to a diffeomorphism K with Km = identity. The theorem is extremely useful in studying periodic maps on 3-manifolds, and there are obvious applications in surface theory.
Let H(X)
denote the (topological) group of self-homeomorphisms of a closed manifold X with the compact-open topology. Let E(X) denote the H-space of selfhomotopy equivalences of X and y : E(X) + Out 761 (X, 2) be the map which assigns to each self-homotopy equivalence the outer automorphism induced on the fundamental group. If Eo(X) denotes the path-component of the identity of E(X), then E (X)/Eo(X) is a discrete group. (This discreteness may be deduced, for example, from [5 ; Theorem 4.11.) Since yIEo(X) is trivial, y induces a homomorphism y' : E (X)/E0 (X) + Out (ni (X, z)) . is a homomorphism. If X is a K(ni(X), 1) then y' is bijective. If X is a nil-manifold it is known that y o i is surjective. That is, every homotopy equivalence of a closed nil-manifold is homotopic to a homeomorphism (in fact a diffeomorphism). In [2] it was shown that for "most" bundles B, which fiber over the circle with a k-torus Tk as fiber, the homomorphism y: H(B)+Out(ni(B,b)) is onto and splits. That is, there exists a homomorphism x: Out (ni (B, b)) --f H(B) so that y o x = identity. Our examples will be bundles fibered over the circle with fiber a torus. Therefore the "most" can not be improved to all. The theorem of [2] has been extended to what is called inject&e Seifert fiber spaces, (Tk, X, y). It is not needed that X is even a manifold. A certain subgroup L of Out ~1 (X, x) is characterized and it is shown that the homomorphism y: H(X)+Outni(X,s) has image containing L. In fact for any finite subgroup P of L we may actually lift P back into H(X). See [3; § 9 , Th. 12, Cor. 11.
Let i: H(X)
Since our examples are injective Seifert fiberings our homeomorphisms H will have image in Out ~1 (X, x) outside of the subgroup L. In fact, the obstruction to a Nielsen theorem in each of our examples is forced algebraically by the obstruction to a certain group extension. If one considers fiberings over the circle where the fundamental group of the fiber has trivial center, this algebraic difficulty is avoided. Recently, J. Tollefeson has found the following generalization of Nielsen's theorem in dimension 3, [7] : Let p be a prime and M3 a closed 3-manifold with HI (MS; Q) g Q and which fibers over the circle with fiber a closed surface having negative Euler characteristic. Then, if h: M -+ M is a map so that hp is homotopic to the identity, there exists a PL homeomorphism K: M --f M so that Kp = identity. In the remarks following Theorem 1 we shall examine further the differences between our examples and Tollefson's positive results. Now let us turn to the Proof of Theorem 1. We shall describe the case m =-3 and then indicate how the description can be extended to all dimensions greater than 3.
. Let n be a group presented as follows ~=(w1,v2,n~ [v~,vz] =l,nv~n-~=v~v~,nv~n-~=v~).
We may think of 7t as the semi-direct product (2, x 2,) o Z. The vi are the generators of the infinite cyclic groups 2~) and n is the generator of Z. The defining action of the 1 0 generator n on 21 x 22 is given by the matrix 2 i )
1 .
On z we wish to describe an automorphism t so that t2 = conjugation by n. Put
This defines an automorphism t : z + z since the relations are preserved. On 21 x 22 -1 0 it restricts to i 1 -1-l * Now t2 is the automorphism of 7t given by conjugation
Moreover, t itself is not inner because t acts non-trivially on v2 which generates the center of 76. Therefore t generates an element t' of order 2 in Out z'. Define an injection y: z/2m+outn
by sending the generator of 2/2Z onto t'. This defines an abstract kernel (Z/2& X, y). We claim that
Proposition. The abstract kernel (Z/Z& 3t, y) has no extension.
Proof. Suppose such an extension E exist,s, then we have the commutative diagram :
l-+Innn-+Autn-tOutn-+l I' 1' fv l+n:
There exists an element e E E whose image is exactly t. Let s = e2. Then s E z and t(s) = e e2 e-1 = e2 = s. Now the image of s in Aut n is conjugation by s and it must also equal conjugation by n. Thus s = cn, for some central element c of z.
Since t(n) + n, this element c is non-trivial. The general form of the action of t is .
t (vf vi 7-C) = (vcl w;l)b vcc(n w# = vc" v~-b-c na .
For a fixed point oft we have
Thus the fixed point group of t is (vzn2).
Hence s E (vzn2) could not possibly be equal to cn, and so no extension exists corresponding to the abstract kernel defined by t'. This completes the proof of the proposition.
Let us now describe M3 so that nl(M3, *) = z M3 will be defined as a bundle over the circle with fiber a 2-torus T2. We may describe it as the quotient of This is well-defined since it can be defined on T2 x [wi so that it commutes with the action of Z :
Now, H2 is given by ((a ,z2,r,,~((21,z~zz,T)).
We observe that the point a = (( 1, 1,O)) E M3 is left fixed by H, and H, induces the automorphism t on zzl(M, a). Furthermore, it is clear that H2 defines, on MS, a diffeomorphism which induces on ~1 (M, a) the inner automorphism given by conjugation by n,. In fact Hz is diffeotopic to the identity. We may define the isotopy by P,: ((Z~,Z2,~))~((Z~,2~x2;r-~)),O~~~l.
This map 0, is well defined and yields the desired isotopy. Now if there exists a homeomorphism K: M3 + M3 homotopic to H with K2 = identity, then there exists an extension of t'he form :
One may think of E as acting on the universal covering space J?s m 083 of M3. In fact, an explicit construction of the action (E, #a) is given in [I ; 3 21. Furthermore, the abstract kernel associated to this extension is precisely our (Z/2& z, y) which we know can not exist. Thus, K2 can not be the identity.
Finally, that i113 is a nil-manifold (the quotient of an analytic nilpotent Lie group by a uniform discrete subgroup) is well known. In fact the Lie group here is just the 1 * * group of real upper triangular matrices of the form 0 1 * i 1
. This completes the proof of Theorem 1 for m = 3. 001 Let us now describe how the result can be extended to all dimensions greater then 3. We replace iI/3 by M3 x Tm-3. We define t on z x Z m-3 by letting it act trivially on P-3 a,nd as before on 7~. We may carry out the remaining part of the argument completely analogously to the case m = 3. This completes the proof of Theorem 1.
Remarks. 1. Generalizing Theorem 1 to even periods. We would like to thank the referee and Darryl McCullough who kindly pointed out that slight modifications of our construction in Theorem 1 also yield 3-dimensional nil-manifolds for which Nielsen's theorem fails for any even period. We shall describe their generalization now.
Let j and k be arbitrary positive integers. In strict analogy to the construction of Theorem 1 put
Let t : 7c --f z be defined by t (?Jl) = wp w;i,
It follows that t@(vl)
= w1 vp,
and t2k is the inner automorphism x + nxn-1. It is easily checked that tr is not an inner automorphism for all r, 0 < r < 2k. Let y : Zl2k Z --f Out z be the monomorphism defined by assigning to t its outer automorphism class.
Proposition. The abstract kernel (E/2& z, y) has no extension.
The proof is the same as in the earlier proposition.
We construct M3(k, j) as a bundle over the circle with fiber a torus with monodromy ($,.i y) . The formula for H is ((21, 22, r)) -+ ((z,', Zii x;l e2xir, r)). Once again (( 1, 1,O)) = a is left fixed and H, induces the automorphism t on ~1 (M, a). H2k is diffeotopic to the identity via and H is not homotopic to any homeomorphism K so that K2k = identity. We obtain examples in higher dimensions by multiplying by a torus as before.
Using our methods, J. Tollefson has suggested other 3-dimensional aspherical manifolds for which Nielsen's theorem fails. P. E. Conner informs us that he was also aware of important aspects of our examples.
2. M3(k, j) as a Seifert manifold. For k = j = 1, M3(k, j) is the manifold of Theorem 1. It may be useful for the reader to observe that M3 (k, j) can also be viewed alternatively as a classical S-dimensional Seifert fiber space. In particular, it is a principal circle bundle over the torus T2 with first Chern class -(2kj) times the fundamental cocycle in Hz(T2; Z). The "canonical" presentation of nl (MS) as a Seifert fiber space is
Here the generator v2 represents the generator of the fundamental group of the circle fiber.
3. Out ~1 M3(lc, j). We may identify our automorphism t and its outer outermorphism class among the full group of automorphisms and outer automorphisms
Every homotopy equivalence of M3(lc, i) can be deformed to a (Seifert) fiber preserving diffeomorphism (see [2] ). The automorphism t actually has projections onto both parts of the semi-direct product in Out z However, it is more relevant for our examples to regard Ms(k, i) as a fiber bundle over the circle. Every outer automorphism of ?G which arises from an automorphism which is invariant on the group generated by vi and us and which induces the identity on the quotient group (for example our t) can be realized by a diffeomorphism which moves only along the toral fibers, such as our H, (see [3; 5 71) . The subgroup of such outer automorphisms is isomorphic to
which follows from [1 ; 4.51. In terms of an obvious coordinate representation y(t) = = (0, 1) o (j x e), where i x e = (1: -y) and the action is the usual action. What we believe is significant here is that y(t) has coordinate projections on each factor of the semi-direct product. If y(t) were an element of either factor, then the abstract kernel would determine an extension and we would also be able to find diffeomorphisms K so that K2k = identity. Periods greater than 2. The generalization from M3 to M3 (k, i) does not appear to work for odd periods. To obtain failure for all periods another modification of the method of Theorem 1 will be used in the proof of Theorem 2.
Theorem 2. For each k > 1, there exist closed (2k -1) dimensional nil-manifolds M and diffeomorphisms H: M + M so that Hk is diffeotopic to the identity (and Hz is not homotopic to the identity for 0 < 1 < k) but H is not homotopic to any homeomorphism K with Kk = identity.
Actually, the dimensions of M are larger than necessary. We may modify the construction to bring the dimensions down to at least 3 $ (k -1). As in Theorem 1, once one produces an example, one gets examples for that k in all higher dimensions.
Sketch
of Proof. The construction and argument is a generalization of that used in Theorem 1. We take .
VI = F-1 = k -I copies of Z,
We form z as the semi-direct product of V with Z = (n), where n acts on V by
We define t on V by
xk -1
where C is the co ml panion matrix of x--l . That is, C= xk -1 Its characteristic polynomial is 2 _ 1 ___ . We put t(n) = wn where w E V2 generates
V2 as a Z[C] module.
We claim t is an automorphism of 7~ because the action of t on V commutes with that of n, and the element wn = t(n) acts as n on V and also generates a complementary copy of Z to V in Z. Now tk on V is conjugation by n, since Jk=Jk; J. Also, zi, yj E Xl, r E R. We express w in terms of our standard basis for V2 by w=mv2,1+ *"+Wk-lvUZ,k-1.
P(n) = C-l(w)
We now define H on Mzk-1 so that the induced automorphism on the fundamental group is given by t by using the 2k -1 matrix: It is definitely possible to state a positive algebraic result which is the algebraic analogue of the result alluded to earlier in [3] .
Theorem 3. Suppose V is a torsion free normal subgroup of a group K. Assume that every element of K centralizing V and K/V lies in V.
Let G be a finite group and 9: G + Aut K a function such that
1) p (G) centralizes V and K/ V;
2) the map y: G : Aut K + Out K is a homomorphism.
Then there exists an extension corresponding to the abstract kernel (G, K, w).
We have included a (purely algebraic) proof of this result in an appendix. It may be noted from the first lemma that part of the hypothesis may be dropped when G is cyclic. Also the proof of the theorem shows that its conclusion may be strengthened when G is a subgroup of Out K: there exists an extension E with an abelian subgroup whose image is G under E --f G. See statement (*) in the proof for more details. To get an extension corresponding to (G, K, y) just take the pullback of G and E with respect to the common quotient E,. 
Proof.
Let x be such an automorphism and put x(k) = y(k) k for k E K. Thus y(k)EVandy(w)=lforvEV.
From ~(klkz) = I
x(ks) we have ~(krks) = y(lci)ki r(ks)klr.
In particular y(kv) = y(k)k y(w)k-l = y(k) for 2) E V and k E K. Also y(wk)=y(w)wy(k)w-l=wy(k)w-1.
On the other hand I = ~(k k-iv k) = r(k). H ence y(k) belongs to the center of V, and y(k) is independent of the coset representative for kV = Vk. That is, y is an element of 21
Conversely, any such y gives rise to an automorphism of the specified type, and it is clear that the correspondence is an isomorphism of abelian groups. Hence we may assume at the start that G C Out K and that y is the inclusion map. In this situation we can prove a slightly stronger result (and indeed it is essential to do so) :
There exists an extension E corresponding to the abstract kernel (G, K, y) such that the associated map E + G has a section x H ZE with Zg = gZ for all x, y E G, and Z inducing v (x) in the action of x by conjugation on KCE.
We shall prove (*) by induction on the order of G. If G = 1 this is trivial so we may assume G + 1. By Lemma 2, G is abelian; in particular there exists a subgroup Gr of prime index in G. By induction there exists an extension El of K satisfying (*) with respect to Gi , ~1, yi where pli , yi denote the restrictions of p?, y to Gi . Let ( ,) be the factor set associated with the section x H X. That is, zg= (XtY)Q, X,YE&.
The elements (x, y) belong to the subgroup K of El; moreover they even belong to V by hypothesis, since (x, y) centralizes V and K/V, by the equation above and the fact that conjugation by any IL induces p(x) on K. 
